SUMMARY In this paper, for an odd prime p, two positive integers n, m with n = 2m, and p m ≡ 1 (mod 4), we derive an upper bound on the magnitude of the cross-correlation function between two decimated sequences of a p-ary m-sequence. The two decimation factors are 2 and 2(p m + 1), and the upper bound is derived as .
Introduction
In pseudorandom sequence design, finding sequences with low correlation property has been of great interest. Such sequences have various applications in code-division multipleaccess (CDMA), radar, cryptography, and so on. To find sequence families with low correlation, lots of studies have attempted to find the cross-correlation between an msequence and its decimated sequences. The readers may refer to [1] - [12] for details on this topic.
Recently, the cross-correlation between two differently decimated sequences has been studied. Kim et al. [13] constructed a p-ary sequence family with low correlation by using two decimated sequences, where p ≡ 3 (mod 4) is an odd prime, n is an odd integer, and the decimation factors are 2 and 2(
2 − p n−1 ). The results in [13] were generalized in [14] , where the decimation factors are e and e( p n −1 e − p n−1 ) with e|p n − 1 and e < Weil's bound [20] on exponential sums. In [17] and [18] , the cross-correlation between p-ary sequences with decimation factors 2 and d ′ = 2d was investigated, where the values d were studied in [1] , [7] , and [11] . Note that in most cases, one of the two decimation factors is 2 and then the sequence families constructed have period
2 , which is the half of that of an m-sequence.
In this paper, an upper bound on the magnitude of the cross-correlation between two decimated p-ary sequences is determined, where the decimation factors are 2 and 2(p m +1) with n = 2m and p m ≡ 1 (mod 4). In fact, those two sequences correspond to the p-ary sequences used for the construction of Kasami sequences decimated by 2. The upper bound is derived as
, which is the same as that of [16] . It is obtained by showing equivalence to the exponential sum in [16] and applying Weil's bound.
Also, using the above result of the cross-correlation between two decimated sequences, an upper bound of crosscorrelation magnitude between a p-ary m-sequence and its decimated sequence is derived. The decimation factor is (p m + 1) 2 /2, where n = 2m and p m ≡ 1 (mod 4). Note that this decimation factor was investigated previously in [18] to construct a sequence family of half period.
The remainder of this paper is organized as follows. In Sect. 2, we give some notations and preliminaries for the trace function, sequences, and the character sums. In Sect. 3, we present upper bounds on the cross-correlation between two p-ary sequences. The concluding remarks are given in Sect. 4.
Preliminaries
Let p be an odd prime, m be a positive integer satisfying p m ≡ 1 (mod 4), and n = 2m. Let F p n denote the finite field with p n elements and
An element x in F p n can be expressed as
The basis {α 1 , . . . , α n/k } is said to be trace-orthogonal if
It is known that for any odd prime p, there exists a trace-orthogonal basis of F p n over F p k [19] .
Let α be a primitive element of F p n . Then a p-ary msequence s(t) of period p n − 1 can be written as
and its decimated sequences s(dt + l) are given as
The cross-correlation function of two p-ary sequences a(t) and b(t) of period N is defined as
where ω = e 2π √ −1/p is a primitive p-th root of unity. For a finite abelian group G, a character of G is a homomorphism from G to the multiplicative group of complex numbers with absolute value 1. For a finite field, there are two kinds of characters, namely, an additive character and a multiplicative character.
The canonical additive character of F p n is defined as
and every additive character of F p n can be obtained as
A multiplicative character of F p n is defined as
If j = (p n − 1)/2, then the character η(x) = ψ (p n −1)/2 (x) takes the value 1 if x is the square in F * p n and −1 if x is the nonsquare. This multiplicative character η(x) is called the quadratic character of F p n .
The following lemma for the character sums, which is given by Weil [20] , will be used in this paper.
Lemma 1: (Weil's bound [20] ) Let q = p n , χ be an additive character of the finite field F q , and ψ a multiplicative character of F q of order m. Let f (x) ∈ F q [x] be of degree e ≥ 1 and
, andF q denotes the algebraic closure of F q . Then we have
Main Results

The Cross-Correlation between s(2t + i) and s(2(p m + 1)t + j)
The cross-correlation function between s(2t+i) and s(2(p m + 1)t + j) of period (p n − 1)/2 is given as
where
In fact, those two sequences correspond to the p-ary sequences used for the construction of Kasami sequences decimated by 2. In this subsection, we derive the cross-correlation bound for the above two decimated sequences. It is easy to check that
and thus we can express the cross-correlation as
where x = α t , a = α 2τ+i , and b = α j . Let y = x 2 and QR denote the set of squares in F * p n . Then as x runs through F * p n , y runs through QR twice. Therefore, (2) can be rewritten as
We want to find the upper bound of the crosscorrelation magnitude |C b (a)|. It is obvious from the correlation property of p-ary Kasami sequences that [21] 
In order to prove our main theorem, the following results are needed. 
where as y runs through F * p n , z also runs through all elements in F * p n . Proof: Using the property of the trace function, we have 
It is easy to check that the sequence tr
) is always the same sequence of period p m − 1 with respect to cyclic shift. Therefore, we assume that b = 1 and then (6) becomes
For tr From (7), we can choose the basis {α 1 , α 2 } such that tr 
Suppose that
Then from (9), we have
From (9) and (10)
Any choice of (α 1 , α 2 ) in (11) 
Then (7) 
There are many choices of u 1 , u 2 , v 1 , and v 2 satisfying (14) . A straightforward example is given as
From the discussions above, we have found a condition for the functions tr 
Proof: Let g be a function in F p n [x] which maps z to y. It can be proved that such a function g exists and it has only one root 0 as follows. Consider the case b = b ′ = 1. The basis is given in (12) and the relationship between y and z is given in (13) . Suppose that g(z) = y. 
Therefore, the function g can be given as
It is obvious that g(z) is a 1-to-1 function and has 0 as only one root. For b = α p m +1 and any b ′ ∈ QR, the function g : z → y can also be obtained similarly.
Now from Lemma 1, we have
Using Lemma 2 and y = g(z), we have
and thus it is proved. □ Now we give our main theorem for the crosscorrelation between two decimated sequences. 
Proof: Combining (4) and (16), the magnitude of the cross-correlation function in (3) can be given as
□ Here are two examples of the above theorem.
Example 5: Let p = 5, n = 6, and m = 3. Then 2(p m + 1) = 252 and by computer experiment, the maximum crosscorrelation magnitude is given as 174.045, which is smaller than Note that for sequences with long period (i.e., large n or p), the maximum cross-correlation magnitude becomes close to the upper bound and the number of distinct correlation values increases as n or p increases.
From the numerical analysis, we believe that the result in Theorem 4 also holds when p m ≡ 3 (mod 4). But that is not easy to prove because it is difficult to find values a ′ and z satisfying (5) .
Suppose that tr 
From (7) and (17) t) is given as
where x = α t and γ = x τ . Let x = y 2 when x is a square and x = σy 2 when x is a nonsquare, where σ is a fixed nonsquare in F * p n . Then (18) can be rewritten as
The last inequality comes from (2) and Theorem 4, and the proof is complete. □ Some numerical analysis implies that the bound obtained in Theorem 8 may not be tight. For example, for p = 11 and n = 4, by computer experiment the maximum cross-correlation magnitude is given as 242.241, which is far smaller than the upper bound 3p m + 1 = 367 from Theorem 8. Tighter upper bound may be found by more detailed investigation on the cross-correlation function. We remain this as a further work.
Conclusion
In this paper, some new results on the cross-correlation between two p-ary sequences are proposed. First, we derived an upper bound on the magnitude of the cross-correlation function between two decimated sequences of a p-ary msequence. Those t). This upper bound is obtained by using the above result and is given as 3p m + 1. From the cross-correlation results given above, new sequence families with good correlation can be considered. Thus as a future work, we will research on the construction of sequence families using the sequences studied in this paper.
